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Abstract 
The paper presents the methodology and algorithm for calculating the beam on the elastic base, in a probabilistic formulation 
taking into account dynamic forces. The basis of this method is to bring the initial load to the equivalent load, which includes 
deterministic and probabilistic components. The paper gives the approximating functions for symmetric and skew-symmetric 
components of the equivalent load under the action of a moving force. The resulting method allows to solve practical problems 
without use of the complicated apparatus of statistical dynamics of nonlinear systems. The reliability of the results obtained in the 
paper is confirmed by the use of analytical methods of calculating stochastic systems and structural dynamics, verifiable by 
comparing the results with the known solutions of other authors. Qualitative and quantitative correspondence with the results 
presented in independent sources on the subject was established. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction 
The calculation model of the beam on elastic base is common in the theory of structures and other technical 
fields. Currently prevailing development model with homogeneous mechanical properties, although in reality, the 
foundation is not a uniform dispersion medium with randomly changing in space and in time of physical and 
mechanical characteristics. Therefore, a satisfactory solution to the problem of reliability and durability of 
construction on an elastic base can be obtained only in the probabilistic formulation with variable stiffness 
parameters of bases. Influence of inhomogeneous grounds in dynamic problems have not yet fully explored, 
especially in the stochastic formulation. Problem of oscillations constructions on a randomly inhomogeneous 
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deformable base belongs to a class of stochastic nonlinear problems is difficult for practical application. Necessary 
to develop a practical method of calculation of the “beam – stochastically inhomogeneous base” under dynamic load. 
The task was solved analytical methods of theory of random functions and dynamics of linear systems. 
2. Research of the dynamical system 
Differential equation of motion of the beam under dynamic load, according to [3], has the form 
2
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where EI – stiffness of the beam; 1m  – linear mass of the beam; ɪ(ɯ,t) – the reaction of the elastic foundation; q(x,t) 
– dynamic load on the beam. 
Taking into account rebuff of base, the equation of oscillations (1) will take a form 
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Unlike the Vlasov’s equation, distributive ability of the base is considered as the amendment to the main 
decision, using the concept of equivalent load [17]. Given the concept of equivalent load, the differential equation of 
motion of the beam will be exhibited in 
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After conversion to the left and right sides, equation (3) we obtain the following form 
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where )(~),( xqxq eqeq  í determinate and random components of the equivalent load. 
The equation of motion for free oscillations (4) will be overwritten, taking into account the fact, that   0 txq , : 
2
4 *
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w   .  (5) 
The solution of this differential equation is found as the product of two functions, one of which depends only on ɯ 
and the other from time t [3] 
( ) ( )V X x T t .  (6) 
Substituting (6) into equation (5), we obtain 
   4 1 * 1IVX s X X m T T cc   .  (7) 
In the expression (7) the left part depends only on the variable x and the right part í only on the variable t. 
Equating both sides of (7) to constant number 2Z*m , we obtain: 
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2 0,T TZcc     (8) 
 4 * 2 0IVX s m XZ   .  (9) 
The solution of the differential equation (8) 
sin cosT A t B tZ Z  ,  (10) 
where Ⱥ and ȼ í arbitrary constants of integration, depending on the initial conditions. 
The differential equation (9) defines the free oscillations of the beam. For its integration, we can rewrite this 
equation as 
4 0IVX XP  ,  (11) 
where 244 ZP *ms   í frequency parameter. 
The total integral of the equation (11) is equal to 
1 2 3 4( ) sinh cosh sin cosX x C x C x C x C xD D E E    , (12) 
where ɋ1,.., ɋ4 í arbitrary constants, D  and E  í coefficients of arguments of hyperbolic and trigonometric 
functions, 
222 r PD , 2 2 2rD P  ,  (13) 
ED  , if 02  r , where r2 í relative elastic characteristic. 
The general solution of equation (11) depends on four constants of integration ɋ1,..., ɋ4 and uncertain parameter 
Ȝ. The arbitrary constants are determined from the boundary conditions on the edges of the beam 0x   and 1x   
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In the General case, equation (14) can be written in the form 
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where aik (P) (i, k = 1,2,3,4) í coefficients that depend on the parameter of the differential equation (11). Equate to 
zero the determinant of the system of equations (15) and obtain the characteristic equation of the homogeneous 
boundary value problem relatively the parameter associated with the frequency of oscillation 
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Equation (16) represents the equation of natural frequencies of oscillations of the system. In accordance with 
formulas (13) and (14), the parameter P  is part of the arguments of hyperbolic and trigonometric functions. Then 
the characteristic equation (16) with respect to the unknown parameter P  is transcendental [4]. 
From equation (11) we obtain the expression of frequencies 
   12 4 4 *n n s mZ P   .  (17) 
The parameters 2nP  are the fundamental numbers, defining function )(xX n . Thus, have an infinite set of basic 
functions that satisfy all the conditions of this homogeneous boundary value problem. 
The General expression for the free oscillations of a beam on an elastic base 
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where An and Bn  í arbitrary constants of integration. 
This expression can be represented in another equivalent form 
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where the coefficient Cn and the value n\ , which characterizes the phase shift, are used instead of the constants 
An and Bn. 
The expression (18) shows that the elastic line of the beam is a geometrical sum of an infinite number of curves 
type  tBtAX nnnnn ZZ cossin  . Each of these curves retains the shape of the curve Xn and fluctuates with its 
frequency nZ , resulting in a curved beam axis V(x,t) has no constant shape and continuously changes its shape. 
After determination of beam deflection by (18), calculate the speed of movement at each point by the formula 
 
1
cos sinn n n n n n
n
V X A t B t
t
Z Z Z
f
 
w  
w
¦ .  (20) 
3. Solution and results 
On the example of a beam of finite length and stiffness consider method for finding the equivalent load, 
simulating the distribution capacity of the base, and also consider the calculation of an equivalent system to the 
action of a concentrated load on a beam moving at a constant speed. Accepted for the calculation of the initial data 
corresponding to the values, given in the tables of M. Gorbunov-Posadov [5]. 
1. Basic solution. Oscillations of a stamp on an elastic base. 
The reaction of elastic base at an arbitrary point a  
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The average value of the reaction, which coincides with the static solution 
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where Z  í the oscillation frequency of a stamp on an elastic base 
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Figure 1 shows the graphs of the functions of the forms for symmetric (    0,5 1 cossk t tZ  ) and skew-
symmetric  (    
0
23 1 0,5 sinss ss
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) components of the reaction of base. 
 
Fig. 1. Graphs of the functions of the forms for symmetric (a) and skew-symmetric (b) components of the reaction of base. 
2. Equivalent self-balanced load is the difference between reactive pressure of an elastic half under the stamp and 
the reactive pressure of the elastic base. 
The difference between Diagrams are shown in Figure 2. 
 
Fig. 2. The difference between the Diagrams of reactions 
 
We decompose the Diagram (Fig. 2) on a symmetric and skew-symmetric components. 
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3. Functions of the form for self-balanced equivalent load 
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4. The calculation of dynamic characteristics of the system “beam – base” 
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Fig. 3. Solutions for the symmetric (a) and skew-symmetric (b) components. 
Displacement of the beam on an elastic base under the action of a moving load 
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Average line oscillations of the beam when driving on it concentrated force 
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Fig.4. Average lines oscillations of the beam when driving on it concentrated force 
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According to the proposed methodology for calculation of frequencies and forms of free oscillations of a system 
of “beam í linearly deformable half-space” is applied basic equivalent model [21]. Consider the Vlasov’s model 
with two integral coefficient of subgrade reaction.  
Apply the following distribution of displacement and normal stress on height of base: normal stresses yV  are 
constant, and the function of the transverse distribution of displacements is equal ( ) ( ) /y y H y H\   . Thus, 
vertical displacement in height H are distributed linearly. The formula for the natural oscillation frequencies of the 
system is of the form [3] 
  2 4 4 4 * 1n n s r mZ O    .  (21) 
 
Taking into account the boundary conditions, determine from equation (21) arbitrary constants, and then receive 
the characteristic equation 
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Given the accuracy of the applied computational procedures, decisions have a discrepancy in the third decimal 
place. 
The received results are rather steady on all interval of values of parameters of the base. 
Unlike other calculation models, the proposed model takes into account not only the effect of heterogeneous 
properties of mechanical parameters of the substrate, but can be used to account for the heterogeneity of any nature, 
including those caused by structural changes of the material. 
References 
[1] V.V. Bolotin, Methods of the theory of probability and the theory of reliability in the calculation of structures, Moscow. (In Russian). 
[2] E.S. Venttsel, Theory of Probability and its engineering applications, Moscow, 2010. (In Russian). 
[3] V. Vlasov, N. Leontiev, Beams, plates and membranes on an elastic base, Moscow, 1960. (In Russian). 
[4] G.V. Voronkova, S.S. Rekunov, Accounting elastic base in compiling the matrix of response of triangular finite element in the form of mixed 
FEM, Proceedings of Volgograd State University of Architecture and Civil Engineering. 27 (2007) 45௅47. (In Russian). 
[5] M.I. Gorbunov-Posadov, The tables for the calculation of beams on elastic base, Moscow, 1939. (In Russian). 
[6] V.A. Ignat’ev, A.V. Ignat’ev, A.V. Zhidelev, Mixed Form of Finite Element Method in Problems of Structural Mechanics, VolgGASU Publ., 
Volgograd, 2006. (In Russian). 
[7] A.V. Ignat’ev, Essential FEM Statements Applied to Structural Mechanics Problems, Part 1, Proceedings of Moscow State University of Civil 
Engineering. 11 (2014) 37—57. (In Russian). 
[8] A.V. Ignat’ev, Main Formulations of the Finite Element Method for the Problems of Structural Mechanics, Part 2, Proceedings of Moscow 
State University of Civil Engineering. 12 (2014) 40—59. (In Russian). 
[9] A.V. Ignat’ev, Main Formulations of the Finite Element Method for the Problems of Structural Mechanics, Part 3, Proceedings of Moscow 
State University of Civil Engineering. 1 (2015) 16—26. (In Russian). 
[10] V.A. Kiselev, Beams and frames on an elastic base, Moscow, 1936. (In Russian). 
[11] G.K. Kleyn, L.F. Skuratov, Calculation beams on the nonlinear deformable base, Moscow, 1966. (In Russian). 
[12] N.A. Nikolaenko, Yu.P. Nazarov, Dynamics and seismic stability of constructions, Moscow, 1988. (In Russian). 
[13] V.S. Pugachev, The theory of random functions, Moscow, 1962. (In Russian). 
[14] A.P. Pshenichkin, Fundamentals of probabilistic and statistical theory of interaction of structures with inhomogeneous soil bases, Volgograd, 
2010. (In Russian). 
[15] V.A. Pshenichkina, A.S. Belousov, A.N. Kuleshova, A.A. Churakov, Reliability of buildings as a spatial composite systems under seismic 
actions, Volgograd. 2010. (In Russian). 
[16] Information on http://www.vgasu.ru/publishing/on-line/. (In Russian). 
[17] V.A. Pshenichkina, N.A. Shaposhnikov, Oscillations of a beam on a stochastic base, Reliability and durability of building materials, 
structures and foundation bases, VolgGASU, Volgograd, 2011. (In Russian). 
1728   V.A. Pshenichkina et al. /  Procedia Engineering  150 ( 2016 )  1721 – 1728 
[18] A.G. Tyapin, Accounting for interaction between structures with the base in the calculations on the seismic actions, Moscow, 2014. (In 
Russian). 
[19] R. Clough, J. Penzien, Dynamics of Structures, New York, 1975. 
[20] Ɋ. Pasternak, The free-body theory more rigid beams and plates on elastic foundation, Concrete and iron, 1926. 
[21] E. Winkler, The theory of elasticity and strength, Prague, 1867. 
